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SCHWARTZ FUNCTIONS ON QUASI-NASH VARIETIES
BOAZ ELAZAR
Abstract. We introduce a new category called Quasi-Nash, unifying Nash
manifolds and algebraic varieties. We define Schwartz functions, tempered
functions and tempered distributions in this category. We show that properties
that hold on affine spaces, Nash manifolds and algebraic varieties, also hold in
this category.
1. Introduction
Schwartz functions are named after Laurent Schwartz, who defined them in Rn.
In Rn they are usually defined as smooth functions which decay to zero with all
their derivatives faster than the inverse of any polynomial when reaching infinity.
We say f is a Schwartz function on R, for example, if for any n, k ∈ N ∪ {0} we
have |xnf (k)| <∞ where f (k) is the k’th derivative of f . The space of all Schwartz
functions on Rn will be denoted by S (Rn). Schwartz functions on Rn have some
nice properties such as: S (Rn) is a Fréchet space, S (Rn) is invariant under Fourier
transform and every function in S (Rn) is integrable.
Later, in [dC, AG], Schwartz functions were defined on Nash manifolds, which are
smooth semi-algebraic varieties. For a Nash manifoldM , f is said to be Schwartz on
M if for any Nash differential operator D we have ||Df ||∞ <∞. Nash differential
operator on M means an element of the algebra generated by multyplying by Nash
functions and by deriving along Nash sections of the tangent bundle.
Lately, in [ES] we defined Schwartz functions on real algebraic varieties which
might have singularities, and showed how the affine algebraic varieties share the
properties of Schwartz functions on Nash manifolds. We also showed that some of
the results hold in the general case.
In this paper we define a category such that both the Nash manifolds and the al-
gebraic varieties are subcategories of the new one. Moreover, this category enables
us to prove the rest of the claims about Schwartz functions on general algebraic
varieties. We call this new category Quasi-Nash, or QN, where its affine objects
correspond to semi-algebraic subsets of Rn and the morphisms are locally restric-
tions of Nash maps. A general variety is defined as a glueing of open affine varieties.
This new category slightly extends the category of Nash varieties.
The definitions of this category, and some usefull lemmas appear in section 3.
The main results about Schwartz functions in this paper include:
Lemma 1.1. Isomorphic QN varieties X1 ∼= X2, imply an isomorphism of the
Fréchet spaces S (X1) ∼= S (X2) where S (Xi) is the space of Schwartz functions on
Xi (Lemma 4.26).
The next Proposition deals with tempered functions. Informally, a tempered
function on Rn is a smooth function bounded by a polynomial, and so does any of
its derivatives. We define a tempered function on a QN variety later on.
1
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Proposition 1.2. (Tempered partition of unity) Let {Vi}mi=1 be a finite open cover
of a QN variety X. Then, there exist tempered functions {βi}mi=1 on X, such that
supp(βi) ⊂ Vi and
m∑
i=1
βi = 1 (Proposition 4.32).
Theorem 1.3. For a QN variety X and a closed subset Z ⊂ X, define U := X \Z
and WZ := {φ ∈ S(X)|φ is flat on Z}. Then WZ is a closed subspace of S(X) (and
so it is a Fréchet space), and extension by zero S(U) → WZ is an isomorphism of
Fréchet spaces, whose inverse is the restriction of functions (Theorem 4.36).
It should be noted that the proof of Theorem 1.3 was the hardest to prove.
Usually, a function f : Rn → R is said to be flat at a point p ∈ Rn if f , and all its
derivatives, vanish at p. We had to make clear what it means for a function on a
singular variety to be flat on a singular point p. For subvarieties, of Rn we defined
it to be a restriction of a smooth function on Rn which is flat at p. There are several
other approaches to do so (see [BMP2, F] for example), but [BMP2] shows they
are all equivalent in our case. Then, Theorem 1.3 turns out to be a Whitney type
extension problem. We proved it using subanalytical geometry results in [BM1,
BM2, BMP1, BMP2]. Theorem 1.3 also enables us to define Schwarz functions by
a local condition rather then by the global ones we used. Instead of demanding a
function that decays “fast at infinity”, we just have to demand a smooth function
that is flat on the points “added at infinity” in some compactification process.
Furthermore, Theorem 1.3 gives us one more important result regarding tem-
pered distributions. The space of tempered distributions is the space of linear
continuous functionals on S (X). It is denoted by S∗ (X). Theorem 1.3 implies
that for any open U ⊂ X , the restriction morphism of tempered distributions
S∗(X) → S∗(U) is onto. This is not the case for general distributions. E.g. take
the compactification of R into a circle. The distribution exdx on R cannot be
extended to the circle.
Corollary 1.4. Let X be a QN variety. Then the assignment of the space of
Schwartz functions (respectively tempered functions, tempered distributions) to any
open U ⊂ X, together with the extension by zero ExtVU from U to any other open
V ⊃ U (restriction of functions, restrictions of functionals from S∗(V ) to S∗(U)),
form a flabby cosheaf (sheaf, flabby sheaf) on X (Corollaries 5.4, 5.2, 5.6).
We would like to emphasize we proved Proposition 1.2, Theorem 1.3, and Corol-
lary 1.4 also for non-affine varieties in this category, what we could not do in the
algebraic category.
Structure of this paper. In Section 2 we give preliminary definitions and re-
sults we use in this paper. Most of them concern with Nash manifolds and Schwartz
functions on them, and basic properties of Fréchet spaces.
In Section 3 we define the new category and show some nice properties it has.
In Section 4 we define Schwartz functions, tempered functions and tempered dis-
tributions in this category, and prove some claims about them.
In Section 5 we show the co-sheaf structure of Schwartz functions, and the sheaf
structures of tempered functions and distributions.
In Section 6 we define vector bundles over QN varieties and show some properties
that hold on those bundles.
Finally, in Appendix A we build some tools needed for tempered partition of
unity.
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Conventions. Throughout this paper, we use the restricted topology of semi alge-
braic sets over Rn, unless otherwise stated. For the definition of restricted topology
see 2.8.
We also use the convention that for two varieties of some kind X ⊂ M , we will
denote by IMSch (X) the ideal of Schwartz functions on M that vanish identically on
X .
We say a function f is smooth over M if f ∈ C∞ (M).
Acknowledgments. I would like to extend my gratitude to my supervisor Prof.
Dmitry Gourevitch, who taught me how to cross the barriers this work presented. A
great thanks goes to Prof. Avraham Aizenbud, who suggested different approaches
for defining our objects and dealing with the problems we started with. I would
like to thank Prof. William A. Casselman, for his idea regarding the definition of
Schwartz functions on closed subsets as restrictions of Schwartz functions from their
neighborhoods. I thank Prof. Dmitry Novikov for patiently answering questions
that arose along the way. Finally, I would like to thank Prof. Alessandro Tancredi
for helping me understand the subtleties of the Nash varieties category.
2. Preliminaries
We shall dedicate this section to definitions and results used in this paper. They
will include a definition of a semi-algebraic set, and the algebraic Alexandrov com-
pactification (2.1-2.3), Fréchet spaces (2.5-2.7), Nash manifolds and Schwartz func-
tions on Nash manifolds (2.8-2.10), Schwartz and tempered functions over Nash
manifolds (2.11-2.19).
Definition 2.1. [BCR] A semi-algebraic subset of Rn is a subset of the form
n⋃
i=1
mi⋂
j=1
{x ∈ Rn|pi,j (x) > 0 or pij (x) = 0} where pij ∈ R[x1, ..., xn].
Remark 2.2. An affine algebraic variety is called complete if any regular function on
it is bounded (cf. [BCR 3.4.9 and 3.4.10]). Thus, a closed embedding of a complete
affine algebraic variety is compact in the Euclidean topology on Rn.
Proposition 2.3. (Algebraic Alexandrov compactication [BCR, Proposition 3.5.3]).
Let X be an affine algebraic variety that is not complete, then there exists a pair(
X˙, i
)
such that:
(1) X˙ is a complete affine algebraic variety.
(2) i : X → X˙ is an algebraic isomorphism from X onto i (X).
(3) X˙\i (X) consists of a single point.
The chain rule for deriving composite functions can be extended to higher deriva-
tives and higher dimensions. A relevant result is as follows:
Lemma 2.4. [CS, Theorem 2.1] Let x0 ∈ Rd, V ⊂ Rd be some open neighborhood
of x0 and g : V → Rm, g ∈ Ck (V,Rm), for some k ∈ N. Let U ⊂ Rn be some open
neighborhood of g (x0) and f : U → R, f ∈ Ck (U). Assume f is k-flat at g(x0),
i.e. its Taylor polynomial of degree k at g(x0) is zero. Then f ◦ g : g−1 (U)→ R is
k-flat at x0
Fréchet spaces
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Proposition 2.5. [T, Chapter 10]. A closed subspace of a Fréchet space is a
Fréchet space (in the induced topology).
Theorem 2.6. (Banach open mapping - [T, Chapter 17, Corollary 1]). A bijec-
tive continuous linear map from a Fréchet space to another Fréchet space is an
isomorphism.
Theorem 2.7. (Hahn-Banach - [T, Chapter 18]). Let F be a Fréchet space, and
K ⊂ F a closed subspace. By Proposition 2.5 K is a Fréchet space (with the
induced topology). Define F ∗ (respectively K∗) to be the space of continuous linear
functionals on F (on K). Then the restriction map F ∗ → K∗ is onto.
Nash manifolds
Definition 2.8. A restricted topological spaceM is a setM equipped with a family
of subsets of M , including M and the empty set, called the set of open subsets of
M , that is closed with respect to finite unions and finite intersections.
Therefore, we will consider only finite open covers in restricted topology.
Definition 2.9. An R-space is a pair (M,OM ) whereM is a restricted topological
space and OM a sheaf of R-algebras over M which is a subsheaf of the sheaf CM
of all continuous real-valued functions on M .
A continuous map ϕ : (M,OM ) → (N,ON ) is called a morphism of R-spaces
if for any open subset U ⊂ N and any f ∈ ON (U), we have f ◦ ϕ
(
ϕ−1 (U)
) ∈
OM
(
ϕ−1 (U)
)
.
Definition 2.10. (1) A Nash submanifoldM of Rn is a semi-algebraic subset of Rn
which is a smooth submanifold. A Nash function on M is a smooth semi-algebraic
function.
(2) An affine Nash manifold is an R-space which is isomorphic to an R-space
associated to a closed Nash submanifold of Rn.
(3) A Nash manifold is an R-space (M,NM ) with a sheaf of Nash functions,
which has a finite open cover (Mi)
n
i=1 such that each R-space (Mi,NM |Mi) is an
affine Nash manifold.
Schwartz and tempered functions on Nash manifolds
Proposition 2.11. [AG - Proposition 3.3.3] (1) Any open (semi-algebraic) subset
U of an affine Nash manifold M with the induced R-space structure is an affine
Nash manifold.
(2) Any open (semi-algebraic) subset U of a Nash manifold M with the induced
R-space structure is a Nash manifold.
Definition 2.12. (1) Nash differential operator on an affine Nash manifold is
an element of the algebra with 1 generated by multiplication by Nash functions and
derivations along Nash sections of the tangent bundle (Nash vector fields).
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(2) The space of Schwartz functions on an affine Nash manifold M is
S (M) := {φ ∈ C∞ (M) |Dφ is bounded for any Nash differential operator}.
(3) The topology on S (M) is defined by the semi norms ||φ||D := sup
x∈M
|Dφ (x) |.
(4) Let M be as in 2.10(3), and φ :
k⊕
i=1
S (Mi) → C∞ (M) defined by extension
by zero and summing. Then S (M) := Im (φ).
Corollary 2.13. [corollary of AG - Corollary 4.1.2] Let M be a Nash manifold.
Then S (M) is a Fréchet space.
Definition 2.14. [AG - Definition 4.2.1 and Theorem 4.6.2] A function t : Rn → R
is called tempered if it is a smooth function such that for any α ∈ (N ∪ {0})n there
exists a polynomial pα ∈ R [x1, ..., xn] such that |∂|α|t∂αx (x) | < pα (x) for any x ∈ Rn.
Let M be an affine Nash manifold, and let i : M →֒ Rn be a closed embedding.
A function t : M → R is called a tempered function on M if i∗f := f ◦ i−1 is
the restriction to i(M) of a tempered function from Rn. Denote the space of all
tempered functions on M by T (M). T (M) is a well defined space (independent
of the embedding chosen).
Proposition 2.15. [corollary of AG - Proposition 4.2.1] LetM be a Nash manifold
and α be a tempered function on M . Then αS (M) ⊂ S (M).
Theorem 2.16. [corollary of AG - Theorem 4.6.1] Let M be a Nash manifold and
Z →֒ M be a closed Nash submanifold. The restriction S (M) → S (Z) is defined,
continuous and onto.
Proposition 2.17. [AG - Proposition 5.1.3] Let M be a Nash manifold. The
assignment of the space of tempered functions on U , to any open U ⊂M , together
with the usual restriction maps, define a sheaf of algebras on M .
Theorem 2.18. [AG - Theorem 5.2.1] (Partition of unity for Nash manifold). Let
M be a Nash manifold, and let (Ui)
n
i=1 be a finite open cover. Then
(1) there exist tempered functions α1, ..., αn on M such that supp (αi) ⊂ Ui,
n∑
i=1
αi = 1.
(2) Moreover, we can choose i in such a way that for any φ ∈ S (M) , αiφ ∈
S (Ui).
Theorem 2.19. [AG - Theorem 5.4.1] (Characterization of Schwartz functions
on open subset) Let M be a Nash manifold, Z be a closed (semi-algebraic) sub-
set and U = M\Z. Let WZ be the closed subspace of S (M) defined by WZ :=
{φ ∈ S (M) |φ vanishes with all its derivatives on Z}. Then restriction and exten-
sion by 0 give an isomorphism S (U) ∼= WZ .
3. Geometry
Definition 3.1. “Naive” Quasi Nash category - NQN - Let X be a locally closed
semi-algebraic subset of Rn. A morphism in this category is a map from an NQN
set X to an NQN set Y ⊂ Rm which is a restriction of a Nash map on an open
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semi-algebraic neighborhood U of X to Rm such that X is closed in U and X is
mapped into Y . i,e, ϕ : X → Y , ϕ := g|X where X ⊂ U , and g : U → Rm is Nash.
Lemma 3.2. Let X, Y be NQN, and let ϕ : X → Y a continuous map. Then ϕ is
an NQN morphism if and only if for any NQN function f : Y → R, f ◦ ϕ : X → R
is an NQN function. (NQN function is an NQN map from an NQN set to R)
Proof. Let ϕ be an NQN morphism. Take f as required. As f is a restriction of
a Nash function on a neighborhood of Y , and ϕ is a restriction of a Nash map on
a neighborhood of X , we get a composition of Nash maps, which is Nash. Thus,
f ◦ ϕ is an NQN function.
Now let ϕ pullback NQN functions to NQN functions. As Y ⊂ Rm, ϕ can be
presented as ϕ = (ϕ1, ..., ϕm). For each i take the Nash function fi = yi. This
results in Nash functions on neighborhoods Ui of X where on each Ui: fi ◦ ϕ =
yi ◦ ϕ = ϕi for any i, what makes all ϕ’s coordinates NQN maps.
Take the intersection U =
n⋂
i=1
Ui of all those neighborhoods to get a neighborhood
of X where all of ϕ’s coordinates are NQN simultaneously and therefore ϕ is an
NQN map itself. 
Now let’s take a broader category -
Definition 3.3. (1) Let X be a locally closed semi-algebraic subset of Rn. Define
the R-space corresponding to X to be the pair (X,QNX) where QNX is defined
to be a sheaf as follows: For each open U ⊂ X , we say f ∈ QNX (U) if there exists a
collection {Vi}mi=1 of open semi-algebraic subsets of Rn and Nash functions fi from
these sets, such that Ui := Vi ∩ X is an open cover of U , for any i, f |Ui = fi|Ui ,
and for any i, j fi|Ui∩Uj = fj |Ui∩Uj . This is a sheafification of the NQN presheaf in
definition 3.1.
(2) An affine QN variety X is defined to be an R-space isomorphic to an R-
space obtained by sheafification from some closed NQN set Y ⊂ Rn. I.e. (X,OX)
is an affine QN variety if (X,OX) ∼= (Y,OY ) where Y is a closed NQN set, and OY
is the sheafification of the NQN functions on Y .
Remark 3.4. Let X be an affine QN variety. Then X is QN isomorphic to a closed
set in Rn, which by abuse of notation is denoted by X as well. Let V ⊂ Rn
be some open semi-algebraic subset such that U = V ∩ X is an open subset of
X . Then V is Nash diffeomorphic to some closed affine Nash submanifold V ′ in
RN , by [BCR - Theorems 8.4.6, 2.4.5]. Nash diffeomorphism is a QN isomorphism
(i.e. an isomorphism of ringed spaces) so V is QN isomorphic to V ′. Denote the
image of U ⊂ V by U ′, and note that it is closed in V ′. This makes U ′ a closed
subset of RN , and so an NQN object. A Nash function on V can be pulled-back
to a Nash function on V ′, and a Nash function on V ′ can be extended to a Nash
function on an open neighborhood of V ′ (e.g. by [AG - Thm 3.6.2 - Nash Tubular
Neighborhood]). Thus, we can say that a restriction of a Nash function from V to U
is QN isomorphic to an NQN function on the NQN set U ′, which is QN isomorphic
to U . This means a locally closed semi-algebraic set of Rn has a natural stracture
of an affine QN variety, and its R-space functions are restrictions of Nash functions
from an open semi-algebraic sets in which the affine QN-variety is closed. The same
goes for locally closed subsets of a QN variety.
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Lemma 3.5. Affine Nash manifolds form a full subcategory of affine QN varieties.
Affine algebraic varieties form a subcategory, not a full subcategory.
Proof. An affine Nash manifold is an R-space isomorphic to an R-space associated
to a smooth closed semi-algebraic subset of Rn. The sheaf on a Nash manifold is
made of Nash functions - smooth semi-algebraic functions. In the QN category the
sheaf is made of locally restrictions of Nash functions. Due to the Nash tubular
neighborhood, the sheaves are the same on Nash manifolds. Let ϕ : X → Y be a
QN morphism between the Nash manifolds X, Y . Take a Nash function f on Y .
So there exists a cover
n⋃
i=1
Xi = X s.t. gi := f ◦ ϕ|Xi is a Nash function. As Nash
functions on the Nash manifold X form a sheaf, ∃g ∈ N (X) s.t. g|Xi = gi. So for
any QN map ϕ, and any f ∈ N (Y ), we get f ◦ ϕ ∈ N (X).
Affine algebraic variety is isomorphic to an algebraic subset of Rn. But as mor-
phisms in this category are rational maps, and not any Nash map is such a map
(e.g.
√
1 + x2), this is not a full subcategory. 
Lemma 3.6. Let X, Y be affine QN varieties and X˜ ⊂ Rn, Y˜ ⊂ Rm the corre-
sponding closed QN sets. Let ϕ : X → Y be a continuous map and ϕ˜ : X˜ → Y˜ the
corresponding map. Then ϕ is a QN morphism if and only if there exists an open
cover
N⋃
i=1
X˜i = X˜ such that ϕ˜|X˜i is an NQN map for any i.
Proof. Assume ϕ is an affine QN morphism. For any f ∈ QNY˜ , ϕ˜∗f ∈ QNX˜ . As
Y˜ ⊂ Rm, ϕ˜ can be presented as ϕ˜ = (ϕ˜1, ..., ϕ˜m). For each j ∈ {1, ...,m} take the
Nash function fj = y˜j. When pulling it back, we get an open cover X˜ =
Nj⋃
k=1
X˜k
such that for any open subset X˜k, the function fj ◦ ϕ˜ = y˜j ◦ ϕ˜ = ϕ˜j is a restriction
of a Nash function, i.e. ϕ˜j |X˜k is an NQN map for any k. Now take the refinement
of those j covers of X˜, and denote it by X˜ =
N⋃
i=1
X˜i. As a restriction of a Nash
function is a Nash function, we get that for any i, (ϕ˜1, ..., ϕ˜m) |X˜i is an NQN map,
what makes ϕ˜|X˜i an NQN map.
Now the other direction:
Assume ϕ˜|X˜i is an NQN map for any i and let f ∈ QNY (U) for an open U ⊂ Y .
Those f and U correspond to some f˜ and U˜ respectively. This means there is an
open cover U˜ =
M⋃
j=1
U˜j and for each j, f˜ |U˜j is a restriction of a Nash function.
The map ϕ˜ is continuous, so ϕ˜|
X˜i∩ϕ˜−1(U˜j) : X˜i ∩ ϕ˜−1
(
U˜j
)
→ U˜ is an NQN map,
i.e. it is a restriction of a Nash map from an open neighborhod of X˜i ∩ ϕ˜−1
(
U˜j
)
.
Therefore f˜ ◦ ϕ˜|
X˜i∩ϕ˜−1(U˜j) is a restriction of a Nash function for any j and any i.
Thus, f ◦ ϕ ∈ QNX
(
ϕ−1 (U)
)
. 
Definition 3.7. A QN variety is an R-space (X,QNX) where X is a restricted
topological space, which has a finite cover
m⋃
i=1
Xi = X of open sets such that the
R-spaces (Xi, QNX |Xi) are affine QN varieties.
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Lemma 3.8. Let X, Y be general QN varieties. Let ϕ : X → Y be a continuous
map. Then ϕ is a QN morphism if and only if there exists an open affine cover
Y =
M⋃
i=1
Yi, and an open affine cover
Ni⋃
j=1
Xij = Xi := ϕ
−1 (Yi), where each Xij
corresponds to a locally closed semi-algebraic set X˜ij such that the induced map
ϕ˜|X˜ij is an NQN map to the closed semi-algebraic set Y˜i isomorphic to Yi.
Proof. Assume ϕ is a QN morphism. Take an open affine cover Y =
M⋃
i=1
Yi, and for
each i take the QN varietyXi := ϕ
−1 (Yi). Cover it by some open affine subvarieties
Ni⋃
j=1
X ij = Xi. Now we have a restricted morphism ϕ|Xij : X ij → Yi of affine QN
varieties and we can use Lemma 3.6. Refining the covers will yield the proof for
the first direction.
To prove the other direction we start with a function f ∈ QNY (U) for an open
U ⊂ Y . By remark 3.4 each Xij corresponds to an affine QN variety, so by Lemma
3.6 we have QN morphisms ϕ|Xij : Xij → Yi. Thus, f |Yi∩U ∈ QNY (Yi ∩ U) is
pulled back to f ◦ ϕ|Xij∩ϕ−1(U) ∈ QNX
(
Xij ∩ ϕ−1 (U)
)
for any i, and j. As QN
functions form a sheaf, we get that f ◦ ϕ|ϕ−1(U) ∈ QNX
(
ϕ−1 (U)
)
. 
4. Schwartz Functions, Tempered Functions and Tempered
Distributions
4.1. Naive Quasi-Nash.
Claim 4.1. Let X be a NQN set, and U, V ⊂ Rn be open sets containing X as a
closed subset. Then S (U) /IUSch (X) ∼= S (V ) /IVSch (X).
Proof. We start by showing S (U) /IUSch (X) ∼= S (U ∩ V ) /IU∩VSch (X). By Theorem
2.19, S (U ∩ V ) is isomorphic to a closed subspace of S (U). Thus, it is enough to
check that S (X) := S (U) /IUSch (X) and S (U ∩ V ) /IU∩VSch (X) are equal as sets, i.e.
that a Schwartz function onX is a restriction of a Schwartz function on U if and only
if it is a restriction of a Schwartz function on U ∩V . Let f ∈ S (U ∩ V ) /IU∩VSch (X).
There exists F ∈ S (U ∩ V ) such that F |X = f . By Theorem 2.19, extending F by
zero to a function on U (denote it by F˜ ) is a function in S (U). Then f = F˜ |X and
so f ∈ S (U) /IUSch (X). For the other direction, let f ∈ S (U) /IUSch (X). There
exists F ∈ S (U) such that F |X = f . Denote U ′ = U\X . {U ′, U ∩ V } form an open
cover of U and so, by Theorem 2.18, there exist tempered functions α1, α2 such
that supp (α1) ⊂ U ∩ V, supp (α2) ⊂ U ′ and α1 + α2 = 1 as a real valued function
on U . Moreover, α1 and α2 can be chosen such that (α1 · F ) |U∩V ∈ S (U ∩ V ).
As α1|X = 1, it follows that ((α1 · F ) |U∩V ) |X = (α1 · F ) |X = F |X = f , and so
f ∈ S (U ∩ V ) /IU∩VSch (X).
As we can use the same proof exactly to show
S (V ) /IVSch (X) ∼= S (U ∩ V ) /IU∩VSch (X) ,
we end up having the result. 
Claim 4.2. Let X be a NQN set, and U, V ⊂ Rn be open sets containing X as a
closed subset. Then for any T (U) |X = T (V ) |X .
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Proof. As U, V are open Nash submnifolds (Preposition 2.11), as tempered func-
tions form a sheaf on U ∪ V (by Proposition 2.17) and as we may use tempered
partition of unity on U ∪ V (Theorem 2.18), the claim easily follows. 
Definition 4.3. Let X be an NQN set. A Schwartz function on X is a restriction
of a Schwartz function from an open semi-algebraic subset of Rn in which X is
closed, to X . Equivalently, we can define the space of Schwartz functions on X as
S (X) := S (U) /IUSch (X).
A tempered function on X is a restriction of a tempered function from an open
semi-algebraic subset of Rn in which X is closed, to X . The space of tempered
functions on X is denoted by T (X).
Lemma 4.4. Let X be an NQN set. Then S (X) is a Fréchet space.
Proof. S (U) is a Fréchet space (see [Proposition 2.11, Proposition 2.13]) and as
IUSch is a closed subset of S (U), we get that their quotient is a Fréchet space as well
(by Proposition 2.5 and [T - Proposition 7.9]). 
Lemma 4.5. Let ϕ : X1 → X2 be an NQN isomorphism, i.e. a bijective morphism
whose inverse is also an NQN morphism. Then ϕ∗|S(X2) : S (X2) → S (X1) is an
isomorphism of Fréchet spaces.
Proof. By definition we have an open semialgebraic neighborhood U1 of X1 and
a Nash map g1 : U1 → Rn2 such that g1|X = ϕ. Note that U1 is an affine Nash
manifold.
Similarly to the construction of U1 and g1 above, we may construct an open
U2 ⊂ Rn2 and a map g2 : U2 → Rn1 such that g2|X2 = ϕ−1. Note that g2 6= g−11 :
in general g1 is not a bijection and U1 ≇ U2.
Consider the following diagram, where α is defined by α(x, y) := (x, y + g1(x)).
Clearly U1 × {0} is an affine Nash manifold isomorphic to U1. Denote Uˆ1 :=
α(U1 × {0}), then α restricted to U1 × {0} is an isomorphism of the affine Nash
manifolds U1×{0} and Uˆ1 – the inverse map is given by α−1(x, y) := (x, y−g1(x)).
Thus we have:
S(X1) ∼= S(U1)/IUSch(X1) ∼= S(Uˆ1)/IUˆ1Sch(α(X1×{0})) = S(Uˆ1)/IUˆ1Sch((Id×ϕ)(X1)),
where the first equivalence is by definition, the second is due the fact that U1 ∼=
U1 × {0} ∼= Uˆ1 and S(U1) ∼= S(U1 × {0}) ∼= S(Uˆ1), and the third follows from the
fact that g1|X1 = ϕ. As always IU1Sch(X1) is the ideal in S(U1) of Schwartz functions
identically vanishing on X1.
As U˜1 is closed in U1×Rn2 (as it is defined by Nash map on U1×Rn2), then by
Theorem 2.16 we get that
S(Uˆ1)/IUˆ1Sch((Id× ϕ)(X1)) ∼= S(U1 × Rn2)/IU1×R
n2
Sch ((Id × ϕ)(X1)).
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Applying claim 4.1 for the open subset U1 × U2 ⊂ U1 × Rn2 we get that
S(U1 × Rn2)/IU1×R
n2
Sch ((Id× ϕ)(X1)) ∼= S(U1 × U2)/IU1×U2Sch ((Id× ϕ)(X1)),
and thus we obtain
S(X1) ∼= S(U1 × U2)/IU1×U2Sch ((Id× ϕ)(X1)).
Repeating the above construction using the following diagram:
yields:
S(X2) ∼= S(U1 × U2)/IU1×U2Sch ((ϕ−1 × Id)(X2)).
Clearly (Id × ϕ)(X1) = (ϕ−1 × Id)(X2), and so S(X1) ∼= S(X2). Note that the
isomorphism constructed is in fact the pull back by ϕ from S(X2) onto S(X1). This
proves the lemma. 
Remark 4.6. A similar claim about tempered functions can be proved similarly,
by replacing Theorem 2.16 with a similar claim about tempered functions ([AG -
4.6.2]).
Proposition 4.7. Let X be an NQN set, s ∈ S (X), and t ∈ T (X). Then t · s ∈
S (X).
Proof. Take some U ⊂ Rn such that X ⊂ U as a closed subset. Then there exist
some Schwartz function S ∈ S (U) and a tempered function T ∈ T (U) such that
s = S|X and t = T |X . As T · S ∈ S (U) (by Proposition 2.15), we get that
(T · S) |X ∈ S (X). 
4.2. Affine QN.
Lemma 4.8. Let X, Y be affine QN varieties, and ϕ : X → Y a QN isomorphism.
Let X˜, Y˜ be closed NQN sets correponding to X, Y respectively, and ϕ˜ the corre-
sponding map. Then a Schwartz function on Y˜ is pulled-back by ϕ˜ to a Schwartz
function on X˜.
Proof. Let f ∈ S
(
Y˜
)
. By Lemma 3.6 there exist open covers
N⋃
i=1
X˜i = X˜,
N⋃
i=1
Y˜i =
Y˜ such that ϕ˜|X˜i : X˜i
∼−→ Y˜i are NQN isomorphisms. As Schwartz functions
form a cosheaf, every Schwartz function on Y˜ is a sum of extensions of Schwartz
functions on open subsets of Y˜ . Let those subsets be Y˜i. According to Lemma 4.5,
a Schwartz function si ∈ S
(
Y˜i
)
is pulled back to ϕ∗si ∈ S
(
X˜i
)
, and thus, we get
ϕ∗s =
n∑
i=1
ExtX˜
X˜i
(ϕ∗si) ∈ S
(
X˜
)
. Together with the NQN isomorphism on each
such subset, we get the result. 
This lemma enables us to use the following definition:
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Definition 4.9. Let X be an affine QN variety. A function s on X is called a
Schwartz function on X if it is a pullback of a Schwartz function from the closed
NQN set corresponds to X . I.e. if ϕ : X
∼−→ X˜ ⊂ Rn where X˜ is the closed
semi-algebraic set QN isomorphic to X , and s˜ ∈ S
(
X˜
)
, then ϕ∗s˜ ∈ S (X).
Remark 4.10. Let X be a locally-closed subset in Rn. Let U ⊂ Rn be an open
neighborhood of X such that X is closed in U . U is an affine Nash manifold,
so there is a Nash diffeomotphism φ between U and a closed Nash submanifold
of RN . Denote Xˆ := φ (X) and Uˆ := φ (U). Nash diffeomorphism is a closed
map, so Xˆ ⊂ Uˆ is a closed subset. Thus, we may define the Schwartz space
S
(
Xˆ
)
:= S (RN) |Xˆ = (S (RN) |Uˆ) |Xˆ = S (Uˆ) |Xˆ . As Nash diffeomorphisms
pull back Schwartz functions, the space S
(
Uˆ
)
is pulled back to S (U), and S
(
Xˆ
)
is pulled back to S (X) and vice versa. This enables us to understand a Schwartz
function on a loaclly-closed subset X of Rn as a restriction of a Schwartz function
from an open set U in which X is closed. I.e.: S (X) = S (U) |X .
A similar claim for tempered functions can be proven the same way.
Theorem 4.11. Let M be an affine QN variety, and let X ⊂M be a closed subset.
Then the restriction of a Schwartz function from M to X defines an isomorphism
S (X) = S (M) /IMSch (X) (with the quotient topology), where IMSch (X) is the ideal
in S (M) of functions identically vanishing on X.
Proof. Take the closed corresponding sets of X and M , X˜ and M˜ correspond-
ingly. As X˜ ⊂ M˜ ⊂ U where M˜ is closed in some open U ⊂ Rn, we get that
S (M) /IMSch (X) ∼=
(S (U) /IUSch (M)) /IMSch (X) ∼= S (U) /IUSch (X) ∼= S (X). 
Definition 4.12. Let X be an affine QN variety corresponding to some closed
subset X˜ ⊂ Rn. A function f : X˜ → R is called flat at p˜ ∈ X˜ if there exists an
open semi-algebraic neighborhood U ⊂ Rn of p˜ and a function F ∈ C∞ (U) such
that f |U∩X˜ = F |U∩X˜ and F ’s Taylor series is identically zero at p˜. If f is flat at
all p˜ ∈ Z˜ for some Z˜ ⊂ X˜, f is called flat at Z˜.
Claim 4.13. LetX and Y be affine QN varieties, and ϕ : X → Y a QN isomorphism.
Let X˜ ⊂ Rn and Y˜ ⊂ Rm be the corresponding closed subsets, and ϕ˜ : X˜ → Y˜ the
corresponding map. Let f be a function on Y˜ that is flat at some p ∈ Y˜ . Then
ϕ˜∗f is flat at ϕ˜−1 (p).
Proof. By definition there is some open neighborhood U ⊂ Rm of p and a smooth
function F ∈ C∞ (U) which is flat on p and such that f = F |Y˜ ∩U . As ϕ˜ is an
isomorphism, and by Lemma 3.6, ϕ˜−1 (p) has an open neighborhood W ⊂ Rn such
that ϕ˜|X˜∩W is a restriction of a Nash map G : W → Rm. Take an open subset
W ′ ⊂ W such that p ∈ W ′ and G (W ′) ⊂ U . By sheaf properties of Nash maps,
G|W ′ is Nash as well. Thus, F ◦G|W ′ is a smooth function on W ′, and by [Lemma
2.4] it is flat on ϕ˜−1 (p). We conclude that F ◦G|X˜∩W ′ = F ◦ ϕ˜|X˜∩W ′ = f ◦ ϕ˜|X˜∩W ′ ,
which means ϕ˜∗f is flat at ϕ˜−1 (p). 
Definition 4.14. Let X be an affine QN variety. A function f : X → R is called
flat at p ∈ X if the correponding map f˜ is flat at the corresponding point p˜. If f is
flat at all p ∈ Z for some Z ⊂ X , f is called flat at Z.
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Lemma 4.15. (Extension by zero - the affine case) Let X be an affine QN variety,
and let V ⊂ X be an open subset. Then any f ∈ S (V ) can be extended to a
Schwartz function on X which is flat on X\V .
Proof. First, let us take the closed set in Rn corresponding to X , and denote it, by
abuse of notation, by X . By remark 4.10, f is a restriction of a Schwartz function
fˆ on some open neighborhood Vˆ ⊂ Rn. By Theorem 2.19 fˆ may be extended by
zero to a Schwartz function on Rn which is flat on Rn\Vˆ . Restricting this function
to X yields the desired result. 
In fact, for any open V ⊂ X , any restriction to V of a Schwartz function on X
which is flat on X\V , is a Schwartz function on V . In order to prove that, we need
the following lemmas.
The following lemmas and proposition are required for the proof of Theorem
4.19:
Lemma 4.16. Let X be a QN variety corresponding to some compact set X˜ ⊂ Rn
closed in some U ⊂ Rn. Let Z ⊂ X˜ be a closed subset. Define V := X˜\Z,
WZ :=
{
φ : X˜ → R|∃φˆ ∈ C∞ (U) such that φˆ|X˜ = φ and φ is flat at Z
}
,
and (
WUZ
)comp
:= {φ ∈ C∞ (U) |φ is compactly supported and is flat at Z} .
Then, for any f ∈WZ there exists fˆ ∈
(
WUZ
)comp
such that fˆ |X = f .
Proof. The proof of Lemma 4.16 is exactly the same as the proof of [ES - Lemma
3.13], which deals with algebraic varieties. In the case of Z = {p}, this extension
is trivial. In the case Z consists of more than one point, we need to use results
on Whitney’s extension theorem. We used [BM1], [BM2], [BMP1], dealing with
subanalytic geometry, to prove this extension exists in the algebraic case in [ES -
Lemma 3.13 and Appendix A]. As subanalytic geometry covers semi-algebraic sets
as well, the proof is valid in our case with these minor changes:
Semi-algebraic sets replace algebraic sets, affine QN varieties replace affine algebraic
varieties, and open\closed semi-algebraic sets replace Zariski open\closed sets.
Restricting a Schwartz function to an affine QN variety from an open neighborhood
is given in Remark 4.10, which replaces [ES - Theorem 3.7].
The Uniformization theorem - [BM1, 5.1] should be replaced by the more general
Theorem [BM1, Theorem 0.1]. 
Lemma 4.17. Let X be an affine QN variety corresponding to some compact set
X˜ ⊂ Rn. Let U ⊂ Rn such that X˜ is closed in U . Then
S
(
X˜
)
=
{
f : X˜ → R|∃fˆ ∈ C∞ (U) such that fˆ |X˜ = f
}
Proof. The inclusion ⊂ is trivial as S (U) ⊂ C∞ (U). For the other direction
consider some g : X˜ → R and assume it extends to some gˆ ∈ C∞ (U) such that
gˆ|X˜ = g. Let ρ ∈ C∞ (U) be a compactly supported function such that ρ|X˜ = 1.
Then ρ·gˆ is a smooth compactly supported function on U , so ρ·gˆ ∈ S (U). Moreover,
(ρ · gˆ) |X˜ = gˆ|X˜ = g. Thus g ∈ S
(
X˜
)
. 
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Proposition 4.18. Let X be an affine QN variety corresponding to some closed
X˜, and let Z ⊂ X˜ be some closed subset. Define V := X˜\Z and
WZ :=
{
φ ∈ S
(
X˜
)
|φ is flat on Z
}
.
Then restriction from X˜ to V of a function in WZ is a Schwartz function on V ,
i.e. ResX˜V (WZ) ⊂ S (V ).
Proof. The proof is divided into two parts. First we show the case where X corre-
sponds to a compact subset X˜ ⊂ Rn. Then, we deduce the general case.
Assume X˜ is compact. Define V R
n
:= Rn\Z and
WR
n
Z := {φ ∈ S (Rn) |φ is flat on Z} .
As Z is closed in Rn, V R
n
is open. As V = V R
n ∩X , V is closed in V Rn . The claim
follows from the existence of these three maps:
WR
n
Z
ResR
n
X
(1)
||||③③
③③
③③
③③
③
(2)
ResR
n
UR
n
$$
■■
■■
■■
■■
■
WZ
ResXU ""❊
❊
❊
❊
❊
S (URn)
(3)
ResU
R
n
Uzz✉
✉✉
✉✉
✉✉
✉✉
S (U)
The existence of map (1) is clear. It is onto due to Lemma 4.16 and Lemma
4.17. Let g ∈ WRnZ . Then we get map (2) by Theorem 2.19, g|V Rn ∈ S
(
V R
n)
. Map
(3) is obtained as for any h ∈ S (V Rn) we get h|V ∈ S (V ) by Remark 4.10.
Now assume X˜ is not compact. But X˜ is closed in Rn. By Proposition 2.3 we
get an algebraic map i : Rn → R˙n where R˙n is an affine algebaic variety which is
a one point compactification of Rn, i.e. R˙n = i (Rn) ∪ {∞}. We also get that Rn
and i (Rn) are algebraically isomorphic, which means they are also QN isomorphic.
Thus, X˜ is QN isomorphic to some locally closed subset i
(
X˜
)
of the compact
variety R˙n. As i
(
X˜
)
∪ {∞} =: ˙˜X is closed in R˙n, it is compact. Now take some
f ∈ WZ ⊂ S
(
X˜
)
, and get that i∗f := f ◦ i−1 ∈ S
(
i
(
X˜
))
. By Lemma 4.15, as
i
(
X˜
)
is open in ˙˜X , there exist f˙ ∈ S
(
˙˜X
)
such that i∗f = f˙ |i(X˜) . Now define
V˙ := ˙˜X\ (i (Z) ∪ {∞}). As i is a QN isomorphism, V˙ is open in ˙˜X . By the compact
case, Res
˙˜
X
V˙
(
f˙
)
∈ S
(
V˙
)
. Note that V˙ is QN isomorphic to V by i−1|V˙ . Thus,(
i−1|V˙
)
∗
Res
˙˜
X
V˙
(
f˙
)
∈ S (V ). Finally, (i−1|V˙ )∗Res ˙˜XV˙ (f˙) = (i−1|V˙ )∗ ((i∗f) |V˙ ) =
f |V and thus f |V ∈ S (V ). 
Theorem 4.19. (Characterization of Schwartz functions on open subset - the affine
case) Let X be an affine QN variety, and let Z ⊂ X be some closed semi-algebraic
subset. Define V := X\Z and WZ := {φ ∈ S (X) |φ is flat on Z}. Then extension
by zero ExtXV : S (V )→WZ is an isomorphism of Fréchet spaces, whose inverse is
ResXV : WZ → S (V ).
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Proof. By 2.5, as WZ =
⋂
z∈Z
{φ ∈ S (X) |φ is flat on z} is a closed subspace of
S (X), as an intersection of closed subets, it is a Fréchet space. Lemma 4.15 shows
that for any f ∈ S (V ), we get ExtXV (f) ∈ S (X) and ExtXV (f) is flat on Z, i.e.
ExtXV (S (V )) ⊂ WZ . This extension is a continuous map. To show that, consider
the closed set X˜ corresponding to X . Define W := Rn\Z. This is an open semi-
algebraic set, thus a Nash variety. V = W ∩ X˜ so V is closed in W . Take some
closed embeddingW →֒ RN . Then, by Remark 4.10 S (V ) ∼= S (W ) /IWSch (V ). W is
open in Rn so by Theorem 2.19, ExtR
n
W is a closed embedding, and thus continuous,
S (W ) →֒ S (Rn). Therefore, the map
S (V ) ∼= S (W ) /IWSch (V )→ S (Rn) /IR
n
Sch
(
X˜
)
= S
(
X˜
)
is continuous, i.e. ExtX˜V is continuous, and Ext
X
V is continuous as well.
We saw in Proposition 4.18 that ResXV (WZ) ⊂ S (V ).
As ResXV ◦ ExtXV : S (V ) → S (V ) is the identity operator by definition, and
so is ExtXV ◦ ResXV : WZ → WZ , we get that ExtXV is a continuous bijection. By
Theorem 2.6 this means ExtXV is an isomorphism of Fréchet spaces. 
Corollary 4.20. Let X be an affine QN variety. A Schwartz function f ∈ S (X)
is flat at p ∈ X if and only if f |X\{p} ∈ S (X\ {p}).
Proof. apply Theorem 4.19 to Z = {p}. 
Remark 4.21. By the same argument for an arbitrary function f ∈ C∞ (X) (i.e.
a function that is a restriction of a smooth function from an open set in which
the set corresponding to X is closed) and any p ∈ X , the following conditions are
equivalent:
(1) f is flat at p.
(2) There exists a smooth compactly supported function ρ on Rn, such that ρ is
identically 1 on some open neighborhood of p and (f · ρ) |X\{p} ∈ S (X\ {p}).
Definition 4.22. Let X be an affine QN variety. Define the space of tempered
distributions onX as the space of continuous linear functionals on S (X). Denote
this space by S∗ (X).
4.3. General QN.
Definition 4.23. A Schwartz function on a (general) QN variety X with cover C:
let X be a QN variety ,and let C be an open affine QN cover of X - i.e.
m⋃
i=1
Xi = X .
Denote by Func (X,R) the space of all real valued functions on X . There is a
natural map ψ :
m⊕
i=1
Func (Xi,R) → Func (X,R). Define the space of Schwartz
functions on X associated with the cover C by SC (X) := ψ
(
m⊕
i=1
S (Xi)
)
.
Lemma 4.24. Let X be a QN variety, and let C be an open affine QN cover of
X. Then the space SC (X) is a Fréchet space.
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Proof. First note that ψ
(
m⊕
i=1
S (Xi)
)
∼=
m⊕
i=1
S (Xi) /Ker
(
ψ| m⊕
i=1
S(Xi)
)
with the
natural quotient topology. A direct sum of Fréchet spaces is a Fréchet space. The
kernel of ψ| m⊕
i=1
S(Xi)
is a closed subspace, as
m⊕
i=1
si ∈ Ker
(
ψ| m⊕
i=1
S(Xi)
)
if and only
if for any x ∈ X , ∑
i∈Jx
si (x) = 0, where Jx := {1 ≤ i ≤ m|x ∈ Xi}, i.e. the kernel
is given by infinitely many "closed conditions". So by Proposition 2.5 and [T -
Proposition 7.9], the quotient is a Fréchet space as well. 
Lemma 4.25. Let X be a QN variety and let C, D be two open QN covers of X.
Then SC (X) ∼= SD (X) as Fréchet spaces.
Proof. To prove this lemma, we will show the spaces have a continuous bijective
map between them. Thus, by Theorem 2.6 they are isomorphic as Fréchet spaces.
We start with bijectiveness. Let the open affine cover C be X =
m⋃
i=1
Yi and the
open affine cover D be X =
n⋃
j=1
Xj . By definition, s ∈ SD (X) ⇔ s =
m∑
j=1
ExtXXjsj
where for each j, sj ∈ S (Xj). Fix one such affine QN variety Xj . Xj can be
covered by the open QN cover Xj =
n⋃
i=1
(Yi ∩Xj) =:
n⋃
i=1
Xij . As Xj is affine
for any j, denote by X˜j ⊂ Rnj a closed set corresponding to Xj . Denote by
X˜ij the open subsets of X˜j corresponding to Xij . For any j, sj ∈ S
(
X˜j
)
is
a restriction of a Schwartz function Sj ∈ S (Uj) to X˜j , where Uj ⊂ Rnj is an
open set in which X˜j is closed. As X˜ij ⊂ X˜j are open semi-algebraic, we may
find open semi-algebraic subsets Uij ⊂ Uj such that Uij ∩ X˜j = X˜ij . As Uj
and the Uij ’s are Nash manifolds, we may add the open Nash set Wj := Uj\X˜j
to get a Nash open cover of Uj , and use Theorem 2.18(partition of unity) to get
the Schwatrz functions Sij ∈ S (Uij) , SWj ∈ S (Wj), such that extending those
functions by zero sum up to Sj , i.e.
n∑
i=1
Ext
Uj
Uij
Sij + Ext
Uj
Wj
SWj = Sj . Thus, after
restricting those functions to X˜j , we can pull them back to get
n∑
i=1
Ext
Xj
Xij
sij = sj .
So s ∈ SD (X) ⇔ s =
m∑
j=1
n∑
i=1
Ext
Xj
Xij
sij . As both covers are finite, the sums may
commute, and we get that s ∈ SD (X)⇔ s ∈ SC (X).
To prove the map is continuous, let ψ :
n⊕
j=1
Func (Xj ,R) → Func (X,R) be the
natural map from Definition 4.23. We begin with the claim that S (Xij) → S (Xj)
is a continuous map. Take the closed sets X˜j ⊂ Rnj , and X˜ij ’s as before. Each
function fij ∈ S
(
X˜ij
)
is a restriction of some Fij ∈ S (Uij), where Uij ⊂ Rnj is
an open subset such that Uij ∩ X˜j = X˜ij . Denote Uj :=
n⋃
i=1
Uij . By Theorem
2.19, the extension by zero of Schwartz functions Ext
Uj
Uij
Fij = Fj ∈ S (Uj) is a
closed embedding, thus continuous. As X˜j ⊂ Uj is a closed subset, restricting
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the extension maps to X˜j shows that the extension by zero S
(
X˜ij
)
→ S
(
X˜j
)
is continuous. Thus, by Theorem 2.6,
⊕
i
S (Xij) /Ker
(
φj |⊕
i
S(Xij)
)
∼= S (Xj),
where φj :
⊕
i
Func (Xij ,R) → Func (Xj ,R) is the natural map from Definition
4.23. Thus, we get that
SC (X) = ψ
⊕
j
S (Xj)
 ∼= ψ
⊕
j
φj
(⊕
i
S (Xij)
) ∼= φ
⊕
j
⊕
i
S (Xij)
 ,
where φ :
⊕
i,j
Func (Xij ,R) → Func (X,R) is the natural map. The same can be
done with the cover D to get the result. 
In view of this lemma, we will denote the space of Schwartz functions on a QN
variety X just by S (X) without specifying the cover.
Lemma 4.26. Let ϕ : X → Y be a QN isomorphism. Then ϕ∗|S(Y ) : S (Y ) →
S (X) is an isomorphism of Fréchet spaces.
Proof. Let f ∈ S
(
Y˜
)
. By Lemma 3.8 there exist open covers
N⋃
i=1
X˜i = X˜,
N⋃
i=1
Y˜i =
Y˜ such that ϕ˜|X˜i : X˜i
∼−→ Y˜i are NQN isomorphisms. As Schwartz functions
form a cosheaf, every Schwartz function on Y˜ is a sum of extensions of Schwartz
functions on open subsets of Y˜ . Let those subsets be Y˜i. According to Lemma 4.5,
a Schwartz function si ∈ S
(
Y˜i
)
is pulled back to ϕ∗si ∈ S
(
X˜i
)
, and thus, we get
ϕ∗s =
n∑
i=1
ExtX˜
X˜i
(ϕ∗si). By definition and Lemma 4.25 this means ϕ
∗s ∈ S
(
X˜
)
.
Together with the NQN isomorphism on each such subset, we get the result. 
Lemma 4.27. Let X be a QN variety, and Z ⊂ X be some semi-algebraic closed
subset. Then ResXZ (S (X)) = S (Z).
Proof. Let s ∈ S (X), and let X =
m⋃
i=1
Xi be some open affine QN cover, such that
s =
m∑
i=1
ExtXXi (si) for some si ∈ S (Xi). Z ∩Xi is open in Z and closed in Xi. By
theorem 4.11 si|Z∩Xi ∈ S (Z ∩Xi), and thus s|Z =
m∑
i=1
ExtZZ∩Xi (s|Z∩Xi) ∈ S (Z).
Now let h ∈ S (Z), and let Z =
m⋃
i=1
(Z ∩Xi) where Xi are as before. This is
an open affine cover of Z so h =
m∑
i=1
ExtZZ∩Xi (hi) for some hi ∈ S (Z ∩Xi). Each
Z ∩ Xi is closed in Xi so by theorem 4.11 there exist functions Hi ∈ S (Xi) such
that Hi|Z∩Xi = hi. Thus,
m∑
i=1
ExtXXi (Hi) ∈ S (X). 
Lemma 4.28. Let X be an affine QN variety. The assignment of the space of
tempered functions to any open V ⊂ X, together with the restriction of functions,
form a sheaf on X.
SCHWARTZ FUNCTIONS ON QUASI-NASH VARIETIES 17
Proof. First let us show that tempered functions restricted to an open subset remain
tempered. Take a closed subset X˜ ⊂ Rn corresponding to X . Tempered functions
on X˜ are defined as restrictions of tempered functions on some open neighborhood
U of X˜ . As tempered functions on U form a sheaf, and by Remark 4.10, we get that
a restricted tempered function remains tempered. It is now clear the above forms
a presheaf. The proof of the glueing property follows [ES - Proposition 4.3]. It uses
again the definition of functions fi ∈ T (Vi) on subsets Vi of X˜ as restrictions of
functions fˆi ∈ T (Ui) from neighborhoods Ui of the Vi’s. Then, it uses tempered
partition of unity on the fˆi’s to create function fˆ on
⋃
i
Ui such that fˆ |X˜ = f .
Finally, it proves that fˆ |Ui ∈ T (Ui) for any i, in order to show fˆ is tempered, what
implies f is tempered. 
Lemma 4.29. Let X be a QN variety, and let t : X → R be some function. Then
the following conditions are equivalent:
(1) There exists an open affine QN cover X =
k⋃
i=1
Xi such that for any 1 ≤ i ≤ k,
t|Xi ∈ T (Xi).
(2) For any open affine QN cover X =
k⋃
i=1
Xi and any 1 ≤ i ≤ k, t|Xi ∈ T (Xi).
Proof. Clearly (2) implies (1). For the other side assume there exist two open affine
QN covers X =
k⋃
i=1
Xi =
l⋃
j=k+1
Xj such that for any k + 1 ≤ j ≤ l, t|Xj ∈ T (Xj).
Fix some 1 ≤ i ≤ k. Note that {Xi ∩Xj}lj=k+1 is an open cover of Xi. t|Xi∩Xj
is a restriction of the tempered function t|Xj to the open subset Xi ∩Xj ⊂ Xi. By
remark 4.10 we get that t|Xj is a restriction to Xj of a tempered function T on
an open neighborhood U in which Xj is closed. As tempered functions on Nash
manifolds form a sheaf, take the open neighborhood V ⊂ U of Xi ∩ Xj in which
Xi ∩Xj is closed, and get that tˆ := T |V is a tempered function, and so, by remark
4.10 again, we get that t|Xi∩Xj = tˆ|Xi∩Xj ∈ T (Xi ∩Xj). By 4.28, these functions
can be glued to a unique tempered function on Xi as they form a sheaf. Thus, we
get that t|Xi ∈ T (Xi). 
Definition 4.30. Let X be a QN variety. A real valued function t : X → R is
called a tempered function on X if it satisfies the equivalent conditions of Lemma
4.29. Denote the space of all tempered functions on X by T (X).
Lemma 4.31. Let X be a QN variety, t ∈ T (X) and s ∈ S (X). Then t·s ∈ S (X).
Proof. Let X =
k⋃
i=1
Xi be some open affine QN cover such that s =
k∑
i=1
ExtXXi (si)
for some si ∈ S (Xi). Then t|Xi ∈ T (Xi) and by proposition 4.7 t|Xi · si ∈ S (Xi).
Thus, t · s =
k∑
i=1
ExtXXi (si · t|Xi) ∈ S (X). 
Proposition 4.32. (tempered partition of unity) - Let X be a QN variety, and let
{Vi}mi=1 be a finite open cover of X. Then:
(1) There exist tempered functions {αi}mi=1 on X, such that supp (αi) ⊂ Vi and
m∑
i=1
αi = 1.
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(2) We can choose {αi}mi=1 in such a way that for any ϕ ∈ S (X) , (αiϕ) |Vi ∈
S (Vi).
The proof for the affine case is similar to that in [ES - Proposition 3.11], with
the corresponding claims here (e.g. Lemma 4.27 replaces Theorem 3.7 in [ES]). The
idea behind this proof is to take the corresponding set in the Nash manifold Rn,
and extend the Vi’s to some open semi-algebraic sets covering R
n. By Theorem 2.18
there is a tempered partition of unity on those extending sets, so we can reduce to
our Vi’s to get the result. For the general case we use claims in the Appendix as
follows:
Proof. (1) By definition of X , there exists an open affine cover X =
n⋃
j=1
Vj . Thus,
for each i, there exists an open affine cover Vi =
n⋃
j=1
Vij where Vij := Vi ∩ Vj . By
Proposition A.5 there exists a cover of X by
⋃
i,j
V ′ij = X where V
′
ij ⊂ V¯ ′ij ⊂ Vij . By
Corollary A.7, there exist a finite collection of continuous functions Gijk : Vij → R
and open sets V ′ijk such that V
′
ijk = {x ∈ Vij |Gijk (x) 6= 0} , Gijk |V ′ijk is positive
and QN and
⋃
k
V ′ijk = V
′
ij . It gives a finite cover of X which is a refinement of Ui.
In order to have a unified system of indices we denote Vijk := Vij . We re-index it
to one index cover Vl. By the same re-indexation we get Gl and V
′
l . Extend Gl
by zero to a function G˜l on X . It is continuous. Denote G =
(∑
G˜l
)
/ (2n) where
n is the number of values of the index l. Consider G|Vl . This is a strictly positive
continuous semi-algebraic function on an affine QN variety. Lemma A.8 shows that
continuous strictly positive semi-algebraic function on an affine QN variety can be
bounded from below by a strictly positive QN function. Thus, G|Vl can be bounded
from below by a strictly positive QN function g′l. Denote Hl := Gl/g
′
l. Extending
Hl by zero outside Vl to X we obtain a collection of continuous semi-algebraic
functions Fl. Note that Fl is not smooth. It is easy to see that XFl is a refinement
of Vi.
Now, let ρ : R→ [0, 1] be a smooth function such that
ρ ((−∞, 0.1]) = {0} , ρ ([1,∞)) = {1}
Denote βl := ρ ◦Fl and γl = βl∑βl . It is easy to see that γl are tempered. For every
l we choose i (l) such that XFl ⊂ Ui(l). Define αi :=
∑
l|i(l)=i
γl. It is easy to see that
αi is a tempered partition of unity.
(2) Take some ϕ ∈ S (X). By definition ϕ =
n∑
j=1
ExtXXjϕj where the Xj ’s are
the affine open cover of X and ϕj ∈ S (Xj). By definition, αi|Xj ∈ T (Xj), and by
Lemma 4.7 ϕj · αi|Xj ∈ S (Xj). By part (1), supp (αi) ⊂ Vi so supp
(
ϕj · αi|Xj
) ⊂
Vi ∩ Xj and ϕj · αi|Xj is flat on Xj\Vi. By Theorm 4.19,
(
ϕj · αi|Xj
) |Vi∩Xj ∈
S (Vi ∩Xj). Note that Vi ∩Xj is an open affine QN cover of Vi, so
n∑
j=1
ExtViVi∩Xj
(
ϕj · αi|Xj
) |Vi∩Xj ∈ S (Vi) .
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Finally, by the definition of the ϕj ’s we get that
n∑
j=1
ExtViVi∩Xj
(
ϕj · αi|Xj
) |Vi∩Xj =
(ϕ · αi) |Vi . 
Remark 4.33. Actually, what we proved in part (2) is that for any tempered function
β ∈ T (X) whose support is a subset of some open subset U , i.e. supp (β) ⊂ U, U ⊂
X , and for any ϕ ∈ S (X) we get (β · ϕ) |U ∈ S (U).
Definition 4.34. Let X be a QN variety. A function f : X → R is called flat at
p ∈ X if there exists an open affine QN subset U ⊂ X such that p ∈ U and f |U is
flat at p. If f is flat at all p ∈ Z for some Z ⊂ X , f is called flat at Z.
Proposition 4.35. (extension by zero for non affine varieties). Let X be a QN
variety, and U an open subset of X. Then the extension by zero to X of a Schwartz
function on U is a Schwartz function on X, which is flat at X\U .
Proof. Take an open affine QN cover X =
k⋃
i=1
Xi. Then U =
k⋃
i=1
(U ∩Xi) is
an open affine QN cover of U , what makes U a QN variety as well. Take some
s ∈ S (U). So s =
k∑
i=1
ExtUU∩Xi (si) for some si ∈ S (U ∩Xi). The set Ui := U ∩Xi
is open in Xi, so take the closed corresponding set X˜ in R
ni , and its corresponding
open subset U˜i. Then there exists an open semi-algebraic set Vi ⊂ Rn such that
U˜i = Vi ∩ X˜i. By remark 4.10, si corresponds to some s˜i = Si|U˜iwhere Si ∈ S (Vi).
By Theorem 2.19, Si can be extended by zero to the whole of R
ni and this extension
is flat outside Vi, and in particular in X˜i\U˜i. This extension can be reduced to X˜i
to make a Schwartz function on X˜i which extends s˜i to X˜i by zero, and thus is
flat on X˜i\U˜i. Thus, si can be extended to a Schwartz function on Xi which is
flat on Xi\Ui . So ExtXU (s) = ExtXU
(
k∑
i=1
ExtUUi (si)
)
=
k∑
i=1
ExtXU
(
ExtUUi (si)
)
=
k∑
i=1
ExtXXi
(
ExtXiUi (si)
)
which, by definition, is a Schwartz function on X which is
flat on X\U . 
Theorem 4.36. (Characterization of Schwartz functions on open subset - the gen-
eral case) Let X be a QN variety, and let Z ⊂ X be some closed subset. De-
fine U := X\Z and WZ := {φ ∈ S (X) |φ is flat on Z}. Then WZ is a closed
subspace of S (X), and thus it is a Fréchet space. Furthermore, extension by
zero ExtXU : S (U) → WZ is an isomorphism of Fréchet spaces, whose inverse
is ResXU : WZ → S (U).
Proof. As for the first part, WZ =
⋂
z∈Z
{φ ∈ S (X) |φ is flat on z} is an intersection
of closed sets, it is a closed subspace of S (X), and thus a Fréchet space. For the
second part, by Proposition 4.35 the extension of a function in S (U) by zero to
X is a function in S (X) that is flat at Z, i.e. ExtXU (S (U)) ⊂ WZ . Furthermore,
we will claim further on that ExtXU is continuous. Before that, we will show the
opposite direction - that ResXU (WZ) ⊂ S (U). Let f ∈ WZ . We want to show
f |U =
n∑
i=1
ExtUUisi where X =
n⋃
i=1
Xi is an open affine QN cover of X , Ui := U ∩Xi,
(this makes U =
n⋃
i=1
Ui an open affine cover of U) and si ∈ S (Ui). Note that
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si 6= f |Ui . As f ∈ S (X), and as X =
n⋃
i=1
Xi is an affine QN open cover of X , we
can use Proposition 4.32 to get tempered functions αi such that αi · f ∈ S (Xi).
As f ∈ WZ is flat at any x ∈ Z, αi · f is flat at any x ∈ Zi := Z ∩ Xi. Thus,
αi ·f ∈ WZi , and by Theorem 4.19 we get αi ·f ∈ S (Ui) where Ui := U ∩Xi.
n⋃
i=1
Ui
is an open affine QN cover of U , so
n∑
i=1
ExtUUi (αi · f) ∈ S (U). Furthermore, by the
definition of the α’s,
n∑
i=1
ExtUUi (αi · f) = f |U .
By Theorem 4.19, for any i = 1, ..., n we have the continuous map ExtXiUi :
S (Ui) → S (Xi). As n < ∞, we get the continuous map ExtXU :
n⊕
i=1
S (Ui) →
n⊕
i=1
S (Xi). Recall that S (X) := ψ
(
n⊕
i=1
S (Xi)
)
∼=
n⊕
i=1
S (Xi) /Ker
(
ψ| n⊕
i=1
S(Xi)
)
and get the continuous map ExtXU : S (U) → S (X). As this map is bijective, we
get by the Theorem 2.6 ExtXU is an isomorphism of Fréchet spaces. 
Definition 4.37. Let X be a QN variety. Define the space of tempered distri-
butions on X as the space of continuous linear functionals on S (X). Denote this
space by S∗ (X).
Theorem 4.38. Let X be a QN variety, and let U ⊂ X be some semi-algebraic
open subset. Then ExtXU : S (U) →֒ S (X) is a closed embedding, and the restriction
morphism S∗ (X)→ S∗ (U) is onto.
Proof. As WZ =
⋂
z∈Z
{φ ∈ S (X) |φ is flat on z} is an intersection of closed subsets,
it is a closed subspace of S (X) and thus, by Theorem 4.36 the first part is proved.
The second part follows from the fact that S (X) is a Fréchet space and from
Theorem 2.7. 
5. Sheaves and Cosheaves
The aim of this section is to prove that tempered functions and tempered dis-
tributions form sheaves and that Schwartz functions form a cosheaf. Unlike the
algebraic case, this can be done to both the affine and the general case. The proofs
for the affine cases, and for the general case of tempered functions, are the same as
the those in the [ES] regarding algebraic varieties. Thus we give short sketches of
the proofs together with relevant statements in this paper replacing statements in
[ES].
First, let us recall Lemma 4.28:
Lemma 5.1. Let X be an affine QN variety. The assignment of the space of
tempered functions to any open V ⊂ X, together with the restriction of functions,
form a sheaf on X.
Corollary 5.2. Let X be a QN variety. The assignment of the space of tempered
functions to any open U ⊂ X, together with the restriction of functions, form a
sheaf on X.
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Proof. The proof follows the proof of [ES - Proposition 5.11]. By the definition
of tempered functions on QN varieties and by Lemma 4.28, they form a presheaf.
Using induction on the number of the covering open subsets, it is enough to show
the following:
Let X be a QN variety and let U1 ∪ U2 = X be an open cover of X . Assume
we are given ti ∈ T (Ui) such that t1|U1∩U2 = t2|U1∩U2 . Then, there exists a unique
function t ∈ T (U1 ∩ U2) such that t|Ui = ti.
The existence of a function t : U1 ∪ U2 → R such that t|Ui = ti is clear. We
shall now show it is tempered. Consider some affine open cover X =
k⋃
j=1
Xj . Then
Ui =
k⋃
j=1
(Ui ∩Xj) is an affine open cover of Ui, and U1∪U2 =
k⋃
j=1
((U1 ∪ U2) ∩Xj)
is an affine open cover of U1∪U2. As ti ∈ T (Ui), we get that ti|Ui∩Xj ∈ T (Ui ∩Xj).
As (U1 ∪ U2) ∩ Xj is affine, and
2⋃
i=1
(Ui ∩Xj) is an affine open cover of it, and as
t1|U1∩U2 = t2|U1∩U2 , we get by Lemma 4.28 that t|(U1∪U2)∩Xj ∈ T ((U1 ∪ U2) ∩Xj).
Thus t ∈ T (U1 ∪ U2). 
Before dealing with cosheaves in the category of real vector spaces, let us recall
their definition:
First, define the category Top(X) to be such that its objects are the open sets
of X , and its morphisms are the inclusion maps. A pre-cosheaf F on a topological
space X is a covariant functor from Top(X) to the category of real vector spaces.
A cosheaf on a topological space X is a pre-cosheaf, such that for any open V ⊂ X
and any open cover {Vi}i∈I of V , the following sequence is exact:⊕
(i,j)∈I2
F (Vi ∩ Vj) Ext1−−−→
⊕
i∈I
F (Vi)
Ext2−−−→ F (V ) −→ 0,
where the k-th coordinate of Ext1(
⊕
(i,j)∈I2
ξi,j) is
∑
i∈I
ExtVkVk∩Vi(ξk,i − ξi,k), and
Ext2(
⊕
i∈I
ξi) :=
∑
i∈I
ExtVVi(ξi). When exactness will be proven in Proposition ??
below all calculations will be quickly reduced to finite subcovers. A cosheaf is
flabby if for any two open subsets U, V ⊂ X such that V ⊂ U , the morphism
ExtUV : F (V )→ F (U) is injective.
Lemma 5.3. Let X be an affine QN variety. The assignment of the space of
Schwartz functions to any open U ⊂ X, together with the extension by zero ExtVU
from U to any other open V ⊃ U , form a flabby cosheaf on X.
Proof. The proof follows [ES - Proposition 4.5] - By extension by 0 (see Theorem
4.19), X is a pre-cosheaf. Now we shall prove the exactness:
The
l⊕
j=1
F (Uj) −→ F (U) −→ 0 part follows immediately from partition of
unity. The second part uses induction on the number of the covering sets. The
base step uses the fact that the two functions sum to zero everywhere, and that
their extensions are flat outside the sets’ intersection. Thus, by the characterization
property given in Theorem 4.19, their restriction to the intersection is Schwartz.
In the inductive step, we use partition of unity on k + 1 sets, to create some new
Schwartz functions on the first k sets whose extensions sum to zero. We then define
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and prove the claim for the k + 1’th function, using the fact that each of the k
functions is flat at each point they are solely defined .
The precise proof is the same as in [ES], with the following replacements:
Theorem 4.38 replaces [ES - Theorem 3.25],
Remark 3.4 replaces [ES - Cor. 3.10],
Proposition 4.32 replaces [ES - Prop. 3.11],
Proposition 4.35replaces [ES - Prop. 3.16],
Theorem 4.19 replaces [ES - Thm. 3.20],
Remark 4.33 replaces [ES - Cor. 3.22],
Corollary 4.20 replaces [ES - Cor. 3.21],
Propostion 4.28 replaces [ES - Prop. 4.3], and
Lemma 4.31 replaces [ES - Prop. 3.9]. 
Corollary 5.4. Let X be a QN variety. The assignment of the space of Schwartz
functions to any open U ⊂ X, together with the extension by zero ExtVU from U to
any other open V ⊃ U , form a flabby cosheaf on X.
Proof. By Proposition 4.35, the Schwartz functions form a pre-cosheaf on X .
Let
k⋃
i=1
X i = X be a finite open cover such that for any i, X i is affine. Let
U ⊂ X be some open set,
l⋃
j=1
Uj = U is some open cover, and let s ∈ S (U). Then
for any i, U i := U ∩X i is an open subset of the affine X i, and
l⋃
j=1
U ij = U
i where
U ij := U
i ∩ Uj is an open cover of U i. By definition, s =
k∑
i=1
ExtUUi
(
si
)
where
si ∈ S (U i). By Lemma 5.3 we know that si = l∑
j=1
ExtU
i
Ui
j
(
sij
)
where sij ∈ S
(
U ij
)
.
So we get that s =
k∑
i=1
ExtU
Ui
l∑
j=1
ExtU
i
Ui
j
sij and as the sums are finite, we may write
s =
l∑
j=1
ExtUUj
k∑
i=1
Ext
Uj
Ui
j
sij =
l∑
j=1
ExtUUjsj where sj :=
k∑
i=1
Ext
Uj
Ui
j
sij and sj ∈ S (Uj)
by definition. This proves the part
l⊕
j=1
F (Uj) −→ F (U) −→ 0
of the cosheaf definition.
Now let us have {sj} ⊂ S (Uj) such that
l∑
j=1
ExtUUjsj = 0. As
k⋃
i=1
U i = U is
an open (affine) cover of U , we may use Proposition 4.32 to get some tempered
functions {αi}ki=1 on U , such that supp (αi) ⊂ U i and
k∑
i=1
αi = 1, and for any
ϕ ∈ S (U) , (αiϕ) |Ui ∈ S
(
U i
)
. Now, Sj := Ext
U
Uj
sj ∈ S (U) by Proposition 4.35,
so (αi · Sj) |Ui ∈ S
(
U i
)
. We get an affine QN variety U i with
l∑
j=1
((αi · Sj) |Ui) = 0.
Notice that for each j, the function αi ·Sj is flat on U i\Uj, so we may use Theorem
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4.19 to get (αi · Sj) |Ui
j
∈ S (U ij). Thus, we have l∑
j=1
ExtU
i
Ui
j
(
(αi · Sj) |Ui
j
)
= 0 and
by Lemma 5.3, we know there exists sijm ∈ S
(
U ij ∩ U im
)
satisfying (αi · Sj) |Ui
j
=∑
m<j
Ext
Uij
Ui
j
∩Uim
(
sijm
) − ∑
m>j
Ext
Uij
Ui
j
∩Uim
(
simj
)
. Sum the extensions by zero to Uj of
both sides to get
k∑
i=1
Ext
Uj
Ui
j
(
(αi · Sj) |Ui
j
)
=
k∑
i=1
Ext
Uj
Ui
j
∑
m<j
Ext
Uij
Ui
j
∩Uim
(
sijm
)−∑
m>j
Ext
Uij
Ui
j
∩Uim
(
simj
) ,
but
k∑
i=1
Ext
Uj
Ui
j
(
(αi · Sj) |Ui
j
)
= Sj |Uj = sj
and
k∑
i=1
Ext
Uj
Ui
j
∑
m<j
Ext
Uij
Ui
j
∩Uim
(
sijm
)−∑
m>j
Ext
Uij
Ui
j
∩Uim
(
simj
) =
∑
m<j
Ext
Uj
Uj∩Um
k∑
i=1
Ext
Uj∩Um
Ui
j
∩Uim
(
sijm
)−∑
m>j
Ext
Uj
Uj∩Um
k∑
i=1
Ext
Uj∩Um
Ui
j
∩Uim
(
simj
)
=∑
m<j
Ext
Uj
Uj∩Um
(sjm)−
∑
m>j
Ext
Uj
Uj∩Um
(smj)
where sjm ∈ S (Uj ∩ Um) by definition. This sums up to
sj =
∑
m<j
Ext
Uj
Uj∩Um
(sjm)−
∑
m>j
Ext
Uj
Uj∩Um
(smj)
what proves the part
⊕
j>m
F (Uj ∩ Um) −→
l⊕
j=1
F (Uj) −→ F (U)
of the cosheaf definition. 
Lemma 5.5. Let X be an affine QN variety. The assignment of the space of
tempered distributions to any open U ⊂ X, together with restrictions of functionals
from S∗ (U) to S∗ (V ), for any other open V ⊂ U , form a flabby sheaf on X.
Proof. The proof follows [ES - Proposition 4.4]. The proof uses extension by zero
to show presheaf structure. To show uniqueness, we use partition of unity which
enables us to write s ∈ S (U) as s =
k∑
i=1
(βi · s) where supp (βi) ⊂ Ui. Then, as
(βi · s) |Ui ∈ S (Ui), and as the functionals ξ, ζ ∈ S∗ (U) agree on each subset
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and by the linearity of the functionals, we get ξ (s) − ζ (s) = ξ
(
k∑
i=1
(βi · s)
)
−
ζ
(
k∑
i=1
(βi · s)
)
=
k∑
i=1
(ξ (βi · s)− ζ (βi · s)) = 0. This means the uniqueness is
achieved.
The existence is proven by partition of unity on U =
k⋃
i=1
Ui, and defining a
functional ξ ∈ S∗ (U) in the following way: ξ (s) = ξ
(
k∑
i=1
(βi · s)
)
:=
k∑
i=1
ξi (βi · s)
where ξi ∈ S∗ (Ui), s ∈ S (U) and βi are the tempered functions obtained by the
partition of unity. For any Uα ⊂ U open, where α ∈ {1, ..., k} and sα ∈ S (Uα),
we get (βi|Uα · sα) |Uα∩Ui ∈ S (Uα ∩ Ui) by Lemma 4.28 and Proposition 4.31. As
ξα|S(Uα∩Ui) = ξi|S(Uα∩Ui) , and sα may be extended to a Schwartz function on U ,
we get ξα (sα) = ξα
(
k∑
i=1
(βi · sα)
)
=
k∑
i=1
ξα (βi · sα) =
k∑
i=1
ξi (βi · sα) = ξ (sα). This
means that for any α, ξ|S(Uα) = ξα and the existence holds.
Proposition 4.35 replaces [ES - Prop. 3.16], Proposition 4.32 replaces [ES - Prop.
3.11], and Remark 4.33 replaces [ES - Cor. 3.22]. 
Corollary 5.6. Let X be a QN variety. The assignment of the space of tempered
distributions to any open U ⊂ X, together with restrictions of functionals from
S∗ (U) to S∗ (V ), for any other open V ⊂ U , form a flabby sheaf on X.
Proof. The claim that tempered distributions form a sheaf is dual to the claim that
Scwartz functions form a cosheaf, which we proved in Corollary 5.4. 
6. Schwartz, Tempered and Tempered “Distributions” Over QN
Vector Bundles
We begin this section with definitions of QN bundles and their sections. Most
of the definitions and results in this chapter follow [AG] with light adjustments to
our category.
Definition 6.1. Let π : X → B be a morphism of QN varieties. It is called a QN
locally trivial fibration with fiber Z if the following holds:
• Z is a QN variety.
• There exists a finite cover B =
n⋃
i=1
Ui by open QN sets and QN isomor-
phisms νi : π
−1 (Ui) →˜Ui × Z such that π ◦ ν−1i is the natural projection.
Definition 6.2. Let X be a QN variety. A QN vector bundle E over X is a
QN locally trivial fibration with linear fiber and such that the trivialization maps
νi are fiberwise linear. By abuse of notation, we use the same letters to denote
bundles and their total spaces.
Definition 6.3. Let X be a QN variety and E a QN bundle over X . A QN
section of E is a section of E which is a QN morphism.
Now we can use the above definitions to define the more specific QN bundles
relevant to our work.
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Definition 6.4. Let X be a QN variety, and E be a QN bundle over it. Let
X =
k⋃
i=1
Xi be an affine QN trivialization of E. A global section s of E over X is
called tempered if for any i, all the coordinate components of s|Xi are tempered
functions. The space of global tempered sections of E is denoted by T (X,E).
Remark 6.5. As tempered functions on QN varieties form sheaves, the definition
above does not depend on the cover.
Definition 6.6. A Schwartz section on a QN bundle X: let X be a QN variety,
and let E be a QN bundle over X . Let
m⋃
i=1
Xi = X be affine QN trivialization of
E. Denote by Func (X,E,R) the bundle of all real valued sections of E over X .
There is a natural map ψ :
m⊕
i=1
S (Xi)n → Func (X,E,R). Define the space of
global Schwartz sections of E by S (X,E) := Imψ.
Remark 6.7. We define the topology on the space of global Schwartz sections of E
by the quotient topology, i.e. by the isomorphism S (X,E) ∼=
m⊕
i=1
S (Xi)n /Kerψ.
Remark 6.8. The definition above does not depend on the cover. See the proof of
Lemma 4.25.
Now we will define the local sections:
Definition 6.9. LetX be a QN variety, and let E be a QN bundle over it. We define
the cosheaf SEX of Schwartz sections of E by SEX (U) := S (U,E|U ). We define in
a similar way the sheaf T EX of tempered sections of E by T EX (U) := T (U,E|U ).
Lemma 6.10. Let X be a QN variety. For an open semi-algebraic subset U ⊂ X,
SEX |U = SE|UU , T EX |U = T E|UU .
Proof. The lemma holds by definitions. 
Theorem 6.11. (Characterization of Schwartz sections on open subset - the bun-
dle case) Let X be a QN variety, and let Z ⊂ X be some closed subset. De-
fine U := X\Z and WZ := {φ ∈ S (X,E) |φ vanish with all its derivatives on Z}.
Then extension by zero ExtXU : SEX (U)→WZ is an isomorphism of Fréchet spaces,
whose inverse is ResXU : WZ → SEX (U).
Proof. This theorem follows from Theorem 4.36 - characterization of Schwartz func-
tions on open subset for general QN variety, and Proposition 4.32 - tempered par-
tition of unity for general QN variety. 
Appendix A. Preperations For Partition Of Unity
In order to prove partition of unity we will follow the proof of Theorem 2.18
using some definitions and lemmas, lightly adapted to our case. We will start with
some definitions, and then show there is a certain refinement for the cover we will
need later on.
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Definition A.1. 1) Let M be a QN variety and F be a continuous semi-algebraic
function on M . We denote MF := {x ∈M |F (x) 6= 0}.
2) Let M be a QN variety. A continuous semi-algebraic function F on M is
called basic if F |MF is a positive QN function.
3) A collection of continuous semi-algebraic functions {Fi} is called basic col-
lection if every one of them is basic, and in every point of M one of them is larger
than 1.
Theorem A.2. ([S III.1.1]) Let r < ∞. A Cr Nash manifold is affine. Thus,
by [AG - A.2.4], a QN variety M can be continuously embedded in Rn by a semi-
algebraic map, where M and its image are homeomorphic.
Corollary A.3. Let M be a QN manifold. Then there exists a semi-algebraic
continuous metric d : M ×M → R.
Definition A.4. A cover M =
m⋃
j=1
Vj is called a proper refinement of the cover
M =
n⋃
i=1
Ui if for any j there exists i such that V¯j ⊂ Ui.
Proposition A.5. Let M =
n⋃
i=1
Ui be a finite open (semi-algebraic) cover of an
affine QN variety M. Then there exists a finite open (semi-algebraic) cover M =
m⋃
j=1
Vj which is a proper refinement of {Ui}.
Proof. Let d be the metric from corollary A.3. If a set A is closed in the clas-
sical topology, then the distance d (x,A) := inf
y∈A
d (x, y) is strictly positive for all
points x outside A. Now define Fi : M → R by Fi (x) = d (x,M\Ui). It is
semi-algebraic by the Tarski-Seidenberg principle. Define G =
(
n∑
i=1
Fi
)
/2n and
Vi = {x ∈M |Fi (x) > G (x)}. It is easy to see that Vi is a proper refinement of
Ui. 
Theorem A.6. (finiteness) Let X ⊂ Rn be a semi-algebraic set. Then every open
semi-algebraic subset of X can be presented as a finite union of sets of the form
{x ∈ X |pi (x) > 0, i = 1, ..., n} ,
where pi are polynomials in n variables.
Corollary A.7. Let M be an affine QN variety. Then it has a basis of open sets
of the form MF where F is a basic function.
Lemma A.8. ([AG - Lemma A.2.1 + Lemma 2.2.11]) Let M be an affine QN
variety. Then any continuous semi-algebraic function on it can be majorated by a
QN function, and any continuous strictly positive semi-algebraic function on it can
be bounded from below by a strictly positive QN function.
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